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ABSTRACT

Let {(X;, Z;)} be an i.i.d. sequence of random pairs in a finite set & X Z; we
will call it a discrete memoryless stationary correlated (DMSC) source with
generic distribution dist(X;, Z,). Two DMSC sources {(X;, Z;)} and {(X}, Z})}
are called asymptotically isomorphic in the weak sense if for every ¢ > 0 and
sufficiently large n, there exists a joint distribution dist(X", Z*, X'*, Z'") of
n-length blocks of the two sources such that

1 1
~HX"| X" <e, -H(Z" | Z'") <e,
n n

1 1

-HX" | x")<e, -H@Z"|Z")<e.

n n
For single sources of equal entropy, McMillan’s theorem implies asymptotic
isomorphy in the sense suggested by this definition. For correlated sources,
however, no nontrivial cases of weak asymptotic isomorphy are known. We
show that some spectral properties of the generic distributions are invariant

for weak asymptotic isomorphy, and these properties wholly determine the
generic distribution in many cases.

§1. Introduction

Let (X, Z) be a random pair with values in the set X Z (&, & finite sets).
Denote by P and R the distributions of X resp. Z, and by ¥ and V* the
conditiona! distributions of Z given X resp. X given Z:

P=distX, R=distZ,
V=V(z]|x):(x,2)EZ X Z)=dist (Z | X),
V = (x| 2): (x, 2)EZX X Z)=dist (X | 2).

For the matrix V, the rows are indexed by the elements of &', and for V*, by the
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elements of Z. Let £(X) and £(Z) be the real L,-spaces over the (finite)
probability spaces (Z, P) resp. (£, R). The transition matrices V and V*
define Markov operators £(Z)— £(X) resp. L(X)— £L(Z), by setting

Ve(x) =X V(z | x)g(2), EEL(Z),

Mz) =3 V*(x |2)ftx), fEL(X).

It is easy to see that the operators ¥ and F*are adjoint to each other. Thus the
Markov operators defined by the matrix products

W =VV*:. LX)~ LX),
W =V*V:L(Z)—~ L(Z)
are self-adjoint and non-negative definite. Le.

(WS, 8)p=(f, Wg)p and (Wf,Np20, [ ,gELX),
and

(Wf, e =(f, Wg)x and (Wf, /)20, f,gEL(2),

where, e.g., the index P indicates that the scalar product is taken with respect to
P.Itis clear that the functions =1 on & resp. Z are eigenfunctions of W resp.
W, with eigenvalue 1 which is the largest eigenvalue of W and W, so the
spectra of W and W lie in the interval [0, 1].

Define two stationary Markov chains {X(m)}x-, and {Z(m)}2_, with
dist X(0) = P, dist Z(0) = R, and transition matrices W and W, respectively.
Denote H(P) or H(X) the Shannon entropy of the random variable X, and for
a random pair (X, Y), denote I(XAY) the mutual information I(XAY)=
HX)+ HY)—H(X,Y).

With this notation, put

~

I, =1(X(O)AX(m)), I, =I(Z(0)AZ(m)),
and
I[,=I(UNX(m)) (m=12,...),

where (U, X(0), X(1),...) is a Markov chain and dist(U, X(0)) = dist(Z, X).

Our goal is to show that the numbers H(P), H(R), {I,.}, {I,,}, {I,,} reveal
much about the structure of the joint distribution dist(X, Z), and in fact,
wholly determine it in many cases. The motivation for studying these numbers
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is the fact that they are invariant for weak asymptotic isomorphy of discrete
memoryless stationary correlated ( = DMSC) sources (cf.) Lemma 4.1 in [7]).

DEerFiNITION. The DMSC sources {(X;, Z;)}, {(X], Z/)} are asymptotically
isomorphic in the weak sense if for any ¢ > 0 and sufficiently large n, there
exists a joint distribution’ dist(X”, X'*, Z", Z'") satisfying

1
lH(X" | x'm) <e, ~H(Z"|Z'") <,
n n

1
lH(X”’ | x7) <e, ~H(Z'"|Z")<e.
n n

For single sources {X;}, {X;} of the same entropy, McMillan’s theorem
implies that they are asymptoticaily isomorphic in the sense suggested by the
above definition.

For correlated sources, the situation is quite different. No non-trivial cases
of weak asymptotic isomorphy are known Moreover, adopting a somewhat
more restrictive definition of asymptotic isomorphy, it turns out that DMSC
sources cannot be asymptotically isomorphic in a non-trivial way. (See [8].)
This suggests the conjecture that DMSC sources cannot be asymptotically
isomorphic even in the weak sense, unless their generic distributions (i.e.
dist(X,, Z,) and dist(X;, Z}) for the sources {(X;, Z;)}, {X|, Z})}) are so.

Here we will show that some spectral properties of the matrix W are
determined by H(P) and the sequence {/,}, and hence invariant for weak
asymptotic isomorphy. Moreover, for a class of joint distributions, we will
prove that if a joint distribution in this class has the same numbers H(P),
H(R), {1}, {fm}, {fm} as another joint distribution (not necessarily in this
class) then the two joint distributions are isomorphic in the following sense:

DEFINITION. Let Q and Q' be joint distributions on the sets Z X & resp.
XXZAX, Z, X', Z are finite sets). Q and Q' are isomorphic if there exist
bijections 0: ¥ = &', 1: & — &' such that

0(x, z)=Q'(a(x), 1(x)) for any (x,2)EX X Z.

The study of the sequence {f,,,} for dealing with a related problem was
initiated by Thouvenot [10]. He considered DMSC sources that are full-
entropy factors of some given DMSC source. Our Theorem 2 is a substantial

t X" denotes (X, ..., X,).
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generalization of Thouvenot’s Proposition 1 in [10]. (The proof of his Proposi-
tion, however, contains a gap.) Let us note that we were not able to fully
generalize Thouvenot’s result (implied by Lemma 2 [10]) on the eigenvalues,
to the case of weak asymptotic isomorphy.

Throughout the paper, we will consider pairs (X, Z) satisfying the following
two conditions:

(i) 1 is a simple eigenvalue of W,

(i) (X, Z) is non-singularly dependent (i.e. neither V nor V* contain

identical rows).
These assumptions are justified by

LEMMA O (proved in the Appendix). Properties (i) and (ii) are invariant for
weak asymptotic isomorphy .

It is shown in [6] that property (ii) is equivalent to the condition that the
eigenfunctions of W resp. W pertaining to positive eigenvalues separate &
resp. Z.

§2. Statement of the results

Denote 4,, ..., 4, the different eigenvalues of W lying in the interval (0, 1),
and let A be the set of those 4; €A that admit no representation of the form

r

1j = H ,{‘9‘,,, & z0 rationals, Z a; = %
i=1 i

Note that max; , EA,so A # .

THEOREM 1. The set A and the multiplicities of A; €A are determined by
the sequence {1, }.

DerINITION. The positive numbers y,, . . ., 4, are called log-independent if
for integers n,, ..., n,

I =i implesn,=0 foralli.
i=1

NoTATION. Speaking of functions on Z and &, orthogonality will be
understood with respect to Presp. R. Denote {;};_;._, a complete orthonor-
mal set of 4;-eigenfunctions of W (i =1,...,r)and put

N 1
u; = 1/_; V*u ;s
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.....

complete orthonormal set of A,-eigenfunctions of W. Denote for (x, y)E &2
FoO)=1+ 3 & 3 u;uy0),  {=(-..,L)EC,
i=1  j=1
for (x,z)EX X &,
sz(() =1 + E Ci 2 u,-,-(x)ll,-j(z);
i=1 Jj
and for (z, 1)E &2,
F)=1+Z (Y u(z)dy ().
i=1 j
Denote
V*m = prym = dist(X(m) | U).
The meaning of the functions F,,, F,,, F,, is clarified by
LEMMA 1. (i) V*™(x | z) = P(x)F,(A™+"2), (x, 2)EX X &, where 29 =
(Af, ..., AD);
(i) W™(y | x)= PO)F,(A™), (x, y)EX;
Gii) I,=IUAX(m))
= I P(X)R(2)F(A™* ?)log F,,(A™ 1)

x,z

@1 _ o (_—IL Y M‘,(mﬂ/z), CLAHmED)
s=2 S8 — 1) 4+ 4ij=s

* ¥ P(x)R(2) (Z u,,-(x)ﬂ,j(z))i' .. (2 u,j(x)a,j(z))i'.

(v)  L,=I(X(0)AX(m))
= 2 P(X)PY)F,,(A™)log F,,(A™)

4

0 (_ l)s ) ]
22 -3 =0 IR TLS
( ) s=2 S(S - 1) i|+---2+i,-=s !

 LPWPO) (); @) (2 4, 0),0))
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If F({), { €, is a linear function in r vanables then define the sets A(F),
B(F), C(F) by
A(F)={(x,y)EX*: F,=F},
B(F)={(z,)EZ*: F,=F),
C(F)={(x,2)EX X Z : F,=F).

THEOREM 2. Let W be non-singular, and the eigenvalues 4,, ..., A, log-
independent . If for some dist(X’, Z’)

(2.5 I,=1I, I,=1I, I,.=I, m=12,...,
and
(2.6) H(P)=H(P'), H(R)=H(R'),

then W and W' are spectrally equivalent. Moreover, for any linear function
F@), (e,

(2.7) (P X PYA(F)) = (P' X P')4'(F)),
(2.8) (R X R)B(F))=(R' X R')(B'(F)),
(2.9) (P X RXC(F)) = (P' X R'(C'(F)),

where, e.g., P X R denotes the product measure on & X & with marginals P
and R.

CoroLLARY. Pr{(X(m), U)e C(F)} = Pr{(X'(m), U)EC'(F)} for all F
and m, and, in particular,

Pr{(X, Z)EC(F)} = Pr{(X’, Z')EC'(F)}, allF.

Having only used the invariants {/,,}, {f,,,}, {f,,,}, H(P), H(R), we cannot
hope for more than Theorem 2. Indeed (2.7)-(2.9) imply (2.5), and for W, W’
non-singular, also (2.6).

The next two theorems say that, under some additional conditions on
disi(X, Z), (2.6)-(2.9) imply full isomorphy of dist(X, Z) and dist(X’, Z').
These additional conditions cannot hold if dist(X, Z) has non-trivial automor-
phisms, but, on the other hand, Theorem 4 holds for “almost all” joint
distributions dist(X, Z), and Theorem 3 holds for “almost all” dist(X, Z) such
that X and Z have equal ranges.

Denote by (C,, . . ., C;} the partition of X Z into the non-void sets C(F).
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THEOREM 3. Assume that (i) W and W are non-singular, (ii) the eigen-
values A,, . . ., A, are log-independent , (ii1)
F, #F, forxs=x and F,*F, forz+z,

and (iv) there is no partition {D,,...,D)} of ¥ X Z, different from
(Cy, ..., C} and such that

(P X RYD;) = (P X R)C), i=1,...,1L

If for some (X', Z') the equalities (2.5)-(2.6) hold then dist(X,Z) and
dist(X', Z') are isomorphic.

If W has simple spectrum then denote by u; the 4,-eigenfunction of W, and

1
lz,- = = V*u,‘.
VA,
Let (g, ..., &) be a sequence of — 1I’s and 1’s. By dist(e,u,4,, . . ., &u,,) we

shall mean the joint distribution of the products ¢; - ¥, - i;, assuming
dist(uy, . .., u,) = dist(u,(X), . . ., u, (X)),
dist(dy, ..., 4,) =dist(#(Z), . . ., 4,(2)),

and (u,, ..., u,) independent of (d,, ..., ).

THEOREM 4. Let W be non-singular, and the eigenvalues 4, ..., 4, log-
independent and simple. Assume further that for any (g, ..., &)E{— 1,1},
the relation

(2.10) dist(u,u,, . . ., u,4,) = dist(e,u,1,, . . ., ud,)
implies at least one of the relations

2.1 dist{uy, ..., u,)=dist{e,uy, ..., &4,),
(2.12) dist(dy, . .., 4,) =dist(g4,, ..., &H,).

If for some dist(X', Z') the equalities (2.5)-(2.6) hold then dist(X, Z) and
dist(X’, Z') are isomorphic.

COROLLARY. Assume that X = %, P=R, V is non-singular and self-
adjoint with respect to P,' and the eigenvalues 4,, . . ., A, are log-independent

t Le. P(x)V(z | x) = P(z)V(x | 2), (x, 2)EX%
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and simple. If for some dist(X', Z') the equalities (2.5)-(2.6) hold then
dist(X, Z) and dist(X', Z') are isomorphic.

Although Theorems 3 and 4 may not be the strongest possible, full isomor-
phy of dist(X, Z), dist(X’, Z') does not follow in general from (2.5)-(2.6). This
will be demonstrated by joint distributions obtained from adjacency matrices
of strongly regular graphs.

Let = &, P uniform on &, and V a symmetric transition matrix on &2
Denote by (Y(0), Y(1),...) a stationary Markov chain with distY(0) = P and
transition matrix V. Put

J,, = I(Y(O)AY (m)).

ProprosITION (proved in the Appendix). The sequence {J,,} is not a full
invariant for the isomorphy of symmetric joint distributions with a given
alphabet size and uniform marginals.

§3. Proof of Theorem 1
Proor oF LEMMA 1. For z and m fixed, denote

_ prm)(x |Z) B

Sf(x) P

.....

complete orthonormal set of O-eigenfunctions of W):

L00) = X 9.0, Jluylx)
Y

with
700, 7) = X P(x) £,()uy(x)
=3 V(x| 2)uy(x)
— A’m+ maij(z)’
whence

WHm(x | 2) = P)F(Am ),

proving (i). Applying (i) for m = 0 and with W™ in the role of V'*, we get (ii).
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The first equality in (iii) follows from (i) and the definition of mutual
information. To obtain the second equality, use the power series of the
function (1 + 9)log(1 + 8), 8 €C, around ¥ = 0. (iv) is proved similarly. 0O

Denote 7,, 7,, . . . the different products A} - - - A¥; then the expansion (2.2)
can be written as

3.1 L, =Y cnl.
k
LEMMA 2. (i) For A, €A, the coefficient of 2}™ in (3.1) is half the multipli-
city of ;.
(i1) For A, €A,
(3.2) 4=1I1 A*, «; ZOrationals, ¥ a;=3.

AEA

Proor. (i) follows from the fact that the coefficients of the terms A and
APAT (i # ) in (2.2) are 0.
To prove (ii), assume A = {4;,...,4;}. Forj =/ + 1 we have

(3.3) A= H Afs,  a; = O rationals, Zaji =i

It is clear that we must have o; < 1, so (3.3) can be brought to the form

(3.4 4 =I12%, B;zOrationals, §;=0,
S8z
Substituting (3.4), taken with j = r, into (3.4), taken with j = r — 1, we get
(3.5) PR VLSS | I i
iSr-2
(3.4) implies
ﬂr—l,r 'ﬁr,r—l + 2 (ﬂr—l,r 'ﬁr,i +ﬂr—l,i)
isr—-2
=ﬂr—l,r2ﬂr,i + 2 ﬂr—-l,i = Zﬂr—l,i = %
i iSr-2 i

Since B,_,, B, ,—, must be <1, (3.5) can be brought to the form

Ar—1= H ltr""'a ))r—l,izorationals’ yr—l,r—l=0,

isr—1
Zyr—l,i z 3
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Similarly, forany [+ 1 =j=<r—1,

A= II Ap, y;zOrationals, 7;,=0, Yy =43

igr—1
Iterating this step, we get the expressions (3.2) forj =/ + 1. ]
PrOOF OF THEOREM 1. Assume [, = I,, for some dist(X’, Z’). Then the
series (3.1) for dist(X, Z) and dist(X’, Z') coincide. Denote 4, ..., 4 the

different eigenvalues of W' in (0, 1).
We claim that 4, €A\ A’ would imply

(3.6) A =11 up+, 7; ZOrationals, Y y; =3

Indeed, for A, €{u,, ..., u}\ A’ this follows from the definition of A’. For
AEA\{u,, ..., u), the coefficient of A7 in (2.2) is # 0, so A? must be of the
form IT; ufs, B;; = O integers, and since 4, & {u,, . . ., 4, }, we musthave Z; 8; = 3
which implies (3.6).

On the other hand, it easily follows from the previous statement, and
Lemma 2, that 4; (i = 1, ..., t) can be written as

3.7 w; = [1 A, &, = Orationals, Y d; =1.
k k

Substituting (3.7) into (3.6), we get

Ay =TI Agnée.
k

Since 4, €A, we must have 2, ; ;0 < 3. But Z; ¥;d4 = 2, 7; Z 1, a contradic-
tion proving A = A'. The statement on the multiplicities is obvious. O

§4. Proof of Theorem 2
We shall need the following lemmas.

LEMMA 3. Let 9({)=9((,, ..., () be a complex function analytic in a
region T} | {;| <9. Let the numbers 0 <4, A,, ..., A, <1 be log-independent.

If
@Al ..., 47)=0

for n large enough then p({)=0in Z{ |{;| <4.
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PrOOF. We may assume X 4; -< J. Consider the power series of ¢ around
the origin

K

(41) @(C) = ) 5[: Q(lls ses lr)Ci‘ M Ci{'
Lendr =0
We have
4.2) 0=9p@],...,47)= 2 a(li, o LA A

for n large enough. By log-independence, the products Afi- - - 1/ are all distinct.
Denote vy, v,, . . . these products in decreasing order, and put b, = a(/,, ..., /)
if v, = Ah.. .45 Since the series (4.1) is absolutely convergent in X |{;| <4,
(4.2) may be written as

4.3) Yby*=0  for nlarge enough.

It is enough to prove b; = 0 for all i.
Assume by=b,= --- =b,_, =0, b, # 0 for some ¢ = 0. Then b, # 0 for
some p > q; let p denote the smallest such integer. By (4.3),

bq‘( > [b +bp+l<p+l) +bp+2<p+2> +"'],
vq vp vp

Ibi<< ) 2 | +j|<p+j> §<v_> - Z |bp+1| p+j*
Vp V¢ Vpiz0

Since v,/v, <1and Z; |b,,;|v,,; < oo, this implies b, = 0. O

whence

LEMMA 4. W is non-singular iff for any x, y EX*?

0, x#y,
I, x=y.

(4.9) 1+2 2 ,,(x)u,,(y)-M withé(x,y)={
P(x)

i=1 j=1
Proor. Let {uy};-,,. , denote a (possibly void) complete orthonormal
system of O- eigenfunctions of W. Then the functions =1 and

..........

P. It is easy to see that this implies

]
1+2 2 u(x) u(y)'_}fiy)), allx’y'

i=0 j=1 (x
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Thus (4.4) is equivalent to

3 Uy (X)ug(y)=0, allx,y. O

j=1

COROLLARY. If W is non-singular then F,, # 1.
PROOF. d(x, y)/P(x)# 1 foranyx, y,s0 F(1,...,1)# 1. |

PrOOF oF THEOREM 2. Denote 4, . . ., 4, the different eigenvalues of W’
in (0, 1). By Theorem 1, we may assume i; = 4;, i = r. By Lemma 2, there exist
a natural s and integers a@;, r <j =?, 1 =i =r, such that for v, = /",

(4.5) W=

|
=
=

Ya;>s, j=r+lLr+2,...,1

Denote

ny(Cl, ML Cr)—_—ny(Cf, LR} C;v)’
G;'y‘(Ch ccey CI‘)=F.;",V' (Cf? LR ] C;?’ Irl iiaHU, see ﬁ C’!’;j) ’
1

4.6) D)= X P()IP()G,({log G, (L),

X,y

Q)= X P'(xP'(y)Ge(Dlog G, (0)  (CEC),

x'\y'
YO =@, ....0, YO=¥(C....0, [eC

The functions @, ®' are analytical in a neighborhood of 0, and so are ¥ and V.
¥ and ¥ can be continued to functions analytical in a region obtained by
removing finitely many half-lines from the complex plane.

We have

L, =®0"), I, =®'("),
so by Lemma 3, ®(¢) = ®'({), and, a fortiori,
4.7 Y()=%¥'({) inaneighborhood of 0.

In order to prove that W' is non-singular, let us show first that ¥'({) is
analytical on the segment 0 = { < . Indeed, W being non-singular, Lemma 4
implies (4.4). Hence G,,({, . . ., {)> 0 for 0 = { < 1, which implies the analy-
ticity of ¥, and, consequently, of ¥, for 0 ={ < 1. This, in turn, implies
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G, ..., 0)>0for(x',y)EX?*and 0 = <1, whence G,,(1,...,1)=0
for all (x', y').
Consider the probability distributions

Q(x,y) =P(x)P()Gy(1,..., 1), (x,y)EX?,

Q'(x',y)=P'(XWP'()Gy(1,.... 1), (X', y)EX™
By (4.4)

Q(x, y) = P(x)d(x, y),
which implies
Y(1) = H(P),
whence
(4.8) Y'(1)= H(P").
But both marginals of Q' coincide with P’ so (4.8) implies
Q'(x",y")=6(x",y)P(x"),

1.€.

o(x', y) )
1+ ) uj(xu;
S Uy ==,
which is equivalent to the non-singularity of W', by Lemma 4.
Now, Corollary to Lemma 4 implies that the degree of G, is = s for all
(x’, y').t Comparing the singularities of the functions ¥, ¥', we get from (4.7)
s= 3 P(x)P(x)deg[G, (L, ..., )]

x,y

= 3 P()POMeglGlyE, ., D]

v

s,
whence degG .., = s for all x’, y’. By (4.4) and (4.5), this implies that

{Juh- . Hu‘l} = {A'h~ . 9A'r}3
and by Theorem 1, W and W’ are spectrally equivalent.

t In Thouvenot’s proof of Proposition 1 [10], it is not proved that P, () is not a constant, and
without this, the statement of the Proposition does not follow from (5).
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Now [,, = I,, implies, using Lemma 3,

2 P(X)PW)F,(D)log Fy () = T P'(X")PY)F;(D)log Frp(£),

and since the polynomials F,,, F,.,. are linear, (2.7) follows easily.
Since Wand W’ are spectrally equivalent, the positive eigenvalues of W and
W', and their multiplicities, coincide. (W and/or W' may be singular.) Denote

$(0) = Z R(2IR(NEF.({)log F(),

and define ¢' similarly. Then, by Lemma 3,

#E)=¢'(0),
and since F, and F}, are linear, this implies (2.8). (2.9) can be proved
similarly. The Corollary follows from (2.9) and (i) of Lemma 1. O

§5. Proof of Theorems 3 and 4

PrROOF OF THEOREM 3. By (i) and (ii), Theorem 2 applies. By (iii) there
exist bijections 6: ¥ — X', 1. & — &' satisfying
P(x)=P'(o(x)), R(z)=R'(z(2)),
and
F o = F ;(x),a(x)’ F 2z = F ;(z),r(z)'
By (iv), (g, 7) is an isomorphism. d

To prove Theorem 4, we need

LEMMA 5. Let X\,..., &, be finite sets of real numbers, and q, q' real
valued functionson & X -+ - X & ,. If

Y g, .., x)xhe o xb | = ‘ Y @0, ..., x)Xhe o x)
£ A (X1yee0Xy)
EX\X -+ XX, ET\X .- XX,

Jor any r-tuple of integers (i,...,i,)=0 then there exists a sequence
(&, €1y - - -, &)E{ — 1, 1} ! such that for all x,, . . ., x,,

qxy, ..., %) =8q'(€ X1, . . ., €X,).

PrROOF. Let us prove the statement for r = 1 first. For any i,
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2 (@) +q(—=x))x¥ =di) T (g'(x)+q'(—x)x¥,

x>0 x>0

2 (@)= (=0 =5(0) T (q'0) =g (=

x>0

where |d4(i)| = |,(i)| = 1. There exists a fixed assignment of J, and J, such
that for infinitely many i, do(i) = &, and J6,(i) = d,. For this §; and J,,

g(x) +q(—x)=0xq'(x) + q'(— x)),
g(x) — q(—x)=0,(q'(x) — q'(— x)),

for any x > 0.
It follows that for x >0

q(x) = ¥do + 6)q'(x) + do — ,)g'(— x),
q(—x)=¥d +d)q'(— x) + }do — 6)q'(x),

which implies the desired result for r = 1. For r > 1, it follows easily by
induction. O

ProoF oF THEOREM 4. By Theorem 2, Wand W' are spectrally equiva-
lent, and both have simple spectrum. By statement (iv) of Lemma 1, this
implies

2 POo)ui(x)- « - ui{x)

T PO - uf(x')

for any r-tuple of non-negative integers. Since P and P’ are non-negative,
Lemma 5 implies that, after possibly multiplying some of the functions u; by
— 1, we shall have

;.1 dist(uy, . .., u,) =dist(uy, ..., u,).
Similarly,

(5.2) dlst(ﬂ], ceey li,) = diSt(sllZl, ey 6]11,—)

for some (¢, ..., &)E{ — 1, 1}". Moreover, Theorem 2 implies
(5.3) dist(u, iy, . . ., wid,) = dist(uyy, ..., up ).

(5.1), (5.2) and (5.3) imply (2.10), and hence either (2.11) or (2.12). If (2.12)
holds then (5.2) may be replaced by
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dist(s,, ..., 4,) =dist(d;, . .., 4,).

Since (X,Z) and (X', Z’) are non-singularly dependent, (u,,...,u,),
(dy, ..., 0), (Ui, ..., u), (@y,...,d4,)separate ¥, &, ' and &', respectively
(cf. [6]). Now the statement follows from (i) of Lemma 1. The case when (2.11)
holds can be settled similarly.

The Corollary follows from the fact that for V self-adjoint, ¥, =% 4, so
(2.10) implies (2.11). O

Appendix
ProOF oF LEMMA 0. Consider the function’
Tp,(t) = min{H(Z | S) : dist(S, X, Z) satisfies I(SAZ | X) =0,
dist X = P, dist(Z | X) =V,
HX|S)zt, S| =|X|+2)

(0 =t = H(X)). It follows from the resuits in [1] or [11] that this function is
invariant for weak asymptotic isomorphy, as pointed out by Gacs and Kérner
[5].

On the other hand, it is known ([3], Problem 28 of §4, Chapter 3) that 1 is a
multiple eigenvalue of W if and only if

Tpy(t)=H(Z)—HX)+t forty, =t =HKX) (4 <H(X)).

Moreover, the fact that 7 has at least two identical rows is equivalent to the
existence of a function S = ¢(X) satisfying H(S)>0 and I(XAZ |S) =0
which is obviously equivalent to:

To()=H(Z|X) for0<t=t, (4>0),
as can be easily seen. O

To prove the Proposition, we construct symmetric transition matrices from
adjacency matrices of strongly regular graphs.

Let G be an undirected graph with vertex set Z°, without loops and multiple
edges. G is called regular with degree r if every vertex of G is adjacent to r
vertices.

t 1S denotes the size of the range of the random variable S. I(SAZ l X) denotes average
conditional mutual information. H(X | S) denotes average conditional entropy.
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DEfFINITION (see [4]). G is strongly regular with parameters ¢,r,e, f
(e, f= 0 integers) if |Z| =1t, G is regular with degree r, and its adjacency-
matrix A satisfies

(A.1) Al=(e—NA+ T+ - NI,

where I is the identity matrix, and J is the matrix with all elements equal to 1.

PROOF OF THE PROPOSITION. Let P be uniform on &, G a strongly regular
graph on ', and

V(z |x)=%A(x,z).

V is a symmetric transition matrix. From (A.1) it follows by induction that

W = apd + Bl + Vul,

where the constants «,,, B, 7. are determined by the parameters ¢, r, e, f.
Hence H(Y(m) | Y(0)) is determined by the numbers ¢, r, e, f, too. Since there
exist non-isomorphic strongly regular graphs with the same parameters (see
[2]), this proves the Proposition. O
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